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O
nce a scientific curiosity, the assem-
bly of nanoparticle superlattices
and colloidal crystals is well on its

way to becoming an industry. To attain such
a status, however, requires that targeted
crystal structures can be assembled with
high quality and high yield from inexpensive,
easy-to-make building blocks. Great strides
in this direction have been achieved recently
using DNA-programmable assembly.1�4

At the same time, entropically stabilized
superlattices of extraordinary complexity
have been predicted5�8 and, occasionally,
observed by exploiting particle shape.9�12

Although our understanding of the relation-
ship between particle shape and crystal
structure is quickly advancing, it is still not
possible to predict a priori the crystals that
will form from any arbitrary set of building
blocks, nor the complementary prediction
of the set of building blocks that will best
assemble a given target structure. This latter
challenge is the focus of the present paper.
As we will show, symmetry principles and

entropic degeneracies play an important
role for building block design. In atomic
crystals, an empirical symmetry principle

states that (i) the arrangement of atoms
tends toward the highest possible symme-
try, and (ii) counteracting factors due to
special properties of the atoms may pre-
vent attainment of the highest possible
symmetry.13 We argue that this principle
should also apply for hard particles. Crystal
structures of high symmetry are stabilized
by entropy more frequently because they
provide identical, more spherical local
environments for each particle, thereby
maximizing the average free volume per
particle and, thus, the system entropy.
For example, FCC and BCC are assembled
by 41% of the polyhedra in Damasceno
et al.8 The “counteracting factors” that result
in more complex structures come from
pronounced shape anisotropies. Locally,
however, entropy favors disorder and asym-
metry, and in clusters, symmetry factors in
the rotational partition function to destabi-
lize highly symmetric clusters in favor of
clusters of lower symmetry, as shown re-
cently for clusters of micrometer-sized
PMMA spheres.14 This competition between
local and global preferred symmetries
makes building block design difficult.
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ABSTRACT The relationship between colloidal building blocks and their assemblies is an active

field of research. As a strategy for targeting novel crystal structures, we examine the use of Voronoi

particles, which are hard, space-filling particles in the shape of Voronoi cells of a target structure.

Although Voronoi particles stabilize their target structure in the limit of high pressure by

construction, the thermodynamic assembly of the same structure at moderate pressure, close to

the onset of crystallization, is not guaranteed. Indeed, we find that a more symmetric crystal is

often preferred due to additional entropic contributions arising from configurational or occupational degeneracy. We characterize the assembly behavior of

the Voronoi particles in terms of the symmetries of the building blocks as well as the symmetries of crystal structures and demonstrate how controlling the

degeneracies through a modification of particle shape and field-directed assembly can significantly improve the assembly propensity.
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Herewepropose and test a design strategy based on
the construction of particleswhose shapes are given by
the Voronoi tessellation of a target crystal structure,
where the centers of the Voronoi cells represent the
centers of the particles. These Voronoi particles (VPs)
are space-filling and pack so that their centers repro-
duce the target structure. In particular, it can be shown
that in the limit of high pressure, a densest packing
necessarily becomes the thermodynamically favored
structure. Thus, just like the construction of (often
highly idealized) pair potentials guaranteed to produce
the corresponding ideal crystal in the limit of zero
temperature,15,16 VPs are ideal shapes guaranteed
to produce their target structure at high pressure.
At intermediate pressure, however, VPs may assemble
a thermodynamically stable or metastable crystals
distinct from their target structure.7 This means the
packing problem (i.e., the search for the densest
packing) and the assembly problem (i.e., the search
for the crystal structure that assembles from the melt)
have to be distinguished.8,17�21

Previous studies of the thermodynamics of space-
filling shapes have been limited to themost symmetric
polyhedra. In Agarwal et al.,7 the melting (as opposed
to assembly) behavior of six crystals of space-filling
shapes was studied. In John et al.22 the phase diagram
of space filling tetragonal parallelepipeds was deter-
mined via melting simulations. Also, in Khadilkar
et al.,23 the assembly behavior of three different binary
mixtures of binary space-filling polyhedra were stu-
died, and it was reported that the space-filling crystals
could be assembled only through the introduction of
enthalpic patches. In this work, we investigate a large
set of space-filling polyhedra in order to observe trends
and correlations with particle shape. Our goal is to
understand under which conditions VPs will assemble
their target structure and to develop strategies for
particle design based on our findings.
After introducing our model, we show that the

majority (72%) of the VPs studied self-assemble an
ordered structure. However, in fact only the simplest
structures with the most symmetric VPs successfully
assemble their space-filling target structures at
moderate densities. To elucidate the role of particle
symmetry and orientational entropic degeneracies, we
identify metrics that correlate the assembly propensity
of each target structure with aspects of particle shape.
We then present a detailed study of the hexagonal
diamond VP, which demonstrates how particle asym-
metries can thermodynamically stabilize nonspace-
filling structures due to orientational degeneracies.
We comment on multicomponent VP systems, show-
ing an example of an occupationally degenerate
crystal. Finally, we leverage these results to devise
two methods that are able to promote assembly
of shapes otherwise notable to self-assemble their
space-filling structure.

VORONOI PARTICLE CONSTRUCTION AND
PROPERTIES

The construction of Voronoi particles (VPs) via tes-
sellation of target structures is performed as shown
for the arsenic (As) crystal in Figure 1a�c. Starting with
the target crystal structure, we compute the Voronoi
tessellation, which divides space into a set of convex
polyhedra, the VPs, by associating each point with the
closest atom in the crystal. Each facet of the VPs
corresponds to a nearest neighbor bond of the under-
lying crystal structure. In the figure, facets are colored
by shape to highlight the types of bonds present. In
a Voronoi tessellation, each VP facet is flush with an
identical facet of a neighboring VP.
Following Damasceno et al.,6 we characterize the

roundness of a VP with the isoperimetric quotient
IQ = 36πV2/A3, where V and A are the volume and
surface area of the VP, respectively. Spheres have
IQ = 1 and VP 0 e IQ < 1. VP that tile space shapes
are furthered constrained by a variant of the Kelvin
conjecture (i.e., requiring cells of identical volume and
shape) to IQ < 0.7534; themaximum is achieved in BCC.
A VP has the same point group symmetry as the

Wyckoff position of the corresponding atom of the
target structure. We quantify the symmetry of a VP by
the order of its rotation group, Nrot, which contains
elements of the point group with determinant one.
The largest rotation group possible for a VP that tiles
space is the O group of order 24. A VP can be further
characterized by the distribution of its facet areas and
shapes. We define Nfgμ to be the number of types of
unique facets greater than or equal to the mean facet
size andNf,max to be themultiplicity of the largest facet.
Both quantities are positively correlated with Nrot but
not entirely determined by it. For example, a 6-fold
rotational axis may be centered in a hexagonal facet,
or it may pass through a vertex about which six
identical facets come together. It has been observed
that large facets have the most significant impact for

Figure 1. Constructionandself-assemblyofVPs: (a) anexample
target crystal (arsenic); (b) computed Voronoi tessellation; (c)
VP from several views; (d) VPs in their space-filling target
structure; (e) resultingequilibriumassembly fromMonteCarlo
simulation. Facets of the VPs are colored uniquely by shape.
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assembly,6,24 forming entropic “bonds”;emergent,
effective attractions between particle facets. Nfgμ thus
characterizes the types of misbonding that can occur
between particles, while Nf,max characterizes the
number of ways correct bonds can be established.

RESULTS

Single Voronoi Particle Assembly. We evaluate our
strategy by selecting 46 atomic crystal structures27

and Bravais lattices whose Voronoi tessellations con-
tain a single Wyckoff position and thus yield a single
type of particle shape. On the basis of their assembly
behavior the VPs are grouped into three categories:
VP that self-assembled into (i) their target structure
(Table 1), (ii) an ordered structure that was not the

target structure (Supporting Information, Table SI-1),
and (iii) no ordered structure on the time scale of
our simulations (Table SI-2). Only the VPs of FCC,
BCC, cubic, body-centered tetragonal, hexagonal, HCP,
diamond, and β-Sn successfully assembled their target
structure.

In Figure 2a, we show a scatter plot of the rotation
group symmetry (Nrot) of the VP against the size of the
crystal basis (NB) that generated the VP. Because these
metrics are discrete, several VPs map onto the same
point; pie charts are drawn in these locations.

We observe that the highest symmetry VP (rotation
group order Nrot g 4) corresponding to the simplest
structures (basis size NB e 2) are the most likely to
assemble their space-filling structure. Degenerate,

Figure 2. Summary of results from single VP assembly simulations. Green particles assemble their space filling structure
(Table 1), blue particles form an ordered structure that is not the space-filling target structure (Supporting Information, Table
SI-1), and red particles do not assemble an ordered structure on the time scales of our simulations (Table SI-2). (a) Assembly
behavior as a function of the VP symmetry (rotation group order) and the complexity of the unit cell (basis size). (b) Assembly
behavior as a function of the number of large facet types with area greater than or equal to the mean facet area, Nfgμ, versus
the multiplicity of the largest facet, Nf,max.

TABLE 1. Table of VPs That Self-Assemble Their Space-Filling Structure
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